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Some Questions in Nonperturbative QCD

Masses

Finite temperature equation of state

Cold, dense equation of state

Parton Physics

0903.4379
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Parton Physics on the Eucidean Lattice

f (x) =
∫

dz eixP+z 〈P| eiHz ψ̄(z)e−iHzγ+ψ(0) |P〉

Many methods available: Quasi PDFs, Pseudo PDFs...

Complexities stem from Euclidean −→ Minkowski.

PDFs are natural in a quantum simulation.
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The Great Quantum Hope

50 qubit machines now available.
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Realistically...

Current quantum processors: 50 qubits, 10 gates
Are large processors worth it?
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Overview

A quantum computer is a quantum system evolved in real-time

QC Hilbert space ⇐⇒ physical Hilbert space

Parton distribution function:

f (x) =
∫

dz eixP+z 〈P| eiHz ψ̄(z)e−iHzγ+Wψ(0) |P〉

• Some quantum algorithms
• Hamiltonian formulation of gauge theory
• Putting SU(3) on a quantum computer: S(1080) < SU(3)
• Parton physics of S(1080) gauge theory
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From Bit to Qubit

|0〉 , |1〉 ...

i√
2
|0〉+ 1√

2
|1〉

This is a spin from QM.
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A Quantum Computer

Physically, there’s a Hilbert space:

H = H1 ⊗H1 ⊗ · · ·

When we measure, we collapse into one of the 2N states in the
“fiducial basis”.

|Ψ〉 → |0101010〉
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Gates

Arbitrary one-qubit gates are ‘easy’ – can
be constructed from Hadamard and π

8 -gate.

H = 1√
2

(
1 1
1 −1

)
, T =

(
eiπ/8 0
0 e−iπ/8

)

H H

T • T †

Controlled-not (CNOT) is a 2-qubit gate.

|00〉 7→ |00〉
|01〉 7→ |01〉
|10〉 7→ |11〉
|11〉 7→ |10〉

T ≡ RZ (π/4)
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What is a classical computer?

A quantum computer constantly being measured in the fiducial basis.

|01〉 is okay — [|00〉+ |11〉] is not


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


(
−i 0
0 i

)
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Classical Algorithms Are Quantum Algorithms

Any classical circuit can be made into a quantum circuit!

Example: two-bit adder

|00〉 |00〉 → |00〉 |00〉
|01〉 |00〉 → |01〉 |01〉
|10〉 |00〉 → |10〉 |01〉
|11〉 |00〉 → |11〉 |10〉

• •
• •

|0〉
|0〉

In general, given a classical function f (x), we can implement:

|x〉 |0〉 → |x〉 |f (x)〉

10 / 44



Inverting Circuits

H • T †

T H

As long as we have the inverse of each individual gate...

(AB)−1 = B−1A−1

T • H

H T †
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Phase Gates

Easy version of real-time evolution: U(t) = e−iHt , with H diagonal.
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 e−iθ


|11〉 → e−iθ |11〉

• •
• •

|0〉 RZ (θ)

12 / 44



Real-Time Evolution (Trotter-Suzuki)

Goal: e−iHt

e−i(H1+H2)ε ≈ e−iH1εe−iH2ε

1. Split H into tiny pieces
2. Diagonalize each piece
3. Hit with phase gates

On a classical computer: 2N × 2N matrices.

On a quantum computer: N qubits and ∝ t/ε gates.
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Example: Coupled Spins

H =
HV︷ ︸︸ ︷

σz(1)σz(2) +
HK︷ ︸︸ ︷

µ (σx (1) + σx (2))

e−iHt ≈
(
e−iHV εe−iHK ε

)t/ε

HV is diagonal!
1 0 0 0
0 eiε 0 0
0 0 eiε 0
0 0 0 1



HK is diagonalized by the
Hadamard gate.

H Rε H

H Rε H
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Measurements

〈O(t)O(0)〉 = 〈Ψ| eiHtOe−iHtO |Ψ〉

This is not a Hermitian operator!

Perturb the Hamiltonian:

H ′ε(t) = H + εδ(t)O

And now estimate the derivative:

Im 〈Ψ| O(t)O(0) |Ψ〉 = 1
2
∂

∂ε
〈Ψ| eiOεeiHtOe−iHte−iOε |Ψ〉
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Quantum Mechanics on a Group

The Hamiltonian of a free particle moving on G = SU(3):

H = −∇2

The Hilbert space is CG : one basis state for every U ∈ G .∣∣∣∣∣∣∣∣

1 0 0
0 1 0
0 0 1


〉
,

∣∣∣∣∣∣∣∣


0 1 0
0 0 i
−i 0 0


〉
,

∣∣∣∣∣∣∣∣


0 0 1
1√
2

1√
2 0

1√
2
−1√

2 0


〉

The Hamiltonian is diagonal in Fourier space. (For R, momentum
space.)
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Hamiltonian Lattice Gauge Theory

H = βK
∑

L
∇2

L + βP
∑
P

Re Tr P

17 / 44



Gauge Symmetry

Uij 7→ VjUijV †i

Tr U†14U†45U25U12

7→Tr U†14U†45U25V †2 V2U12

The Hamiltonian is gauge-invariant

H = βK
∑
〈ij〉
∇2

ij + βP
∑
P

Re Tr P

18 / 44



The Hilbert Space

H = CG ⊗ CG ⊗ · · ·

Only Gauge-Invariant States Allowed!

|U12〉
∫

dV1dV2
∣∣∣V †2 U12V1

〉

Here’s a projection operator:

P |U12 · · · 〉 =
∫

(dV1dV2 · · · )
∣∣∣V †2 U12V1 · · ·

〉
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Trotterization

H = 1
g2


HK︷ ︸︸ ︷∑

L
∇2

L +

HV︷ ︸︸ ︷∑
P

Re Tr P



Kinetic
One link only
Diagonal in Fourier space
Mutually commuting terms

Potential
Four links
Diagonal (in our basis)
Mutually commuting terms

e−iHt ≈
[(

e−i∇2
1εe−i∇2

2ε · · ·
)(

e−iεRe Tr P1e−iεRe Tr P2 · · ·
)]t/ε
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Example: Z2, One ‘Plaquette’

H = σx (a) + σx (b) + σz(a)σz(b)

The gauge transformation operator: σx (a)σx (b).

|00〉 ↔ |11〉 and |01〉 ↔ |10〉

Physical states: |P = 0〉 = |00〉+ |11〉, |P = 1〉 = |01〉+ |10〉

Unphysical states: |00〉 − |11〉, |01〉 − |10〉
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Example: Z2, One ‘Plaquette’

H = σx (a) + σx (b) + σz(a)σz(b)

RX (∆t)
RZZ (∆t)

RX (∆t)
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The Problem with SU(3)

SU(3) mechanics has an infinite dimensional Hilbert space.

One qubit has a 2-dimensional Hilbert space.

2N <∞

Any implementation of SU(3) on a QC must be an approximation.
23 / 44



A Natural Truncation

Largest ‘nice’ finite subgroup of SU(3): S(1080)

Simulate S(1080) gauge theory instead

24 / 44



Does it work?

With an improved action:

S = −
∑

p

(
β0
3 Re Tr Up + β1 Re Tr U2

p

)

Measure two scales, and compare the ratio to SU(3): Wilson flow,
center symmetry

Tc : center symmetry breaking

t0: solution to 0.3 = t2
0 〈E 〉t0

Dimensionless ratio Tc
√

t0.

1906.11213
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Does it actually work?

Smallest lattice spacing is a = 0.08 fm.

At this spacing, S(1080) and SU(3) agree on the low-energy
observable Tc

√
t0.

Beyond this spacing, they disagree violently.

Do other low-energy quantities agree?
In progress: spectroscopy, further improved actions
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So what do we need?

• Map from S(1080) Hilbert space to the quantum computer
• Time evolution: kinetic and potential pieces.
• State preparation
• A good observable to look at

27 / 44



S(1080) Hilbert Space on a Quantum Computer

Classical algorithms −→ quantum algorithms!

S(1080)←→ {. . . 000, . . . 001, . . . 010, · · · }

That’s a basis for H1! An “S(1080)-register” — the analog of a
classical variable.

Now that we have H1, we can construct the full H on a quantum
computer.

|U12〉 |U23〉 · · · ∈ H̃1 ⊗ H̃1 ⊗ · · ·

The set of physical states is a linear subspace.
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Potential Term

H = 1
g2

∑
L
∇2

L +

HV︷ ︸︸ ︷∑
P

Re Tr P


We need an operator:

U(θ) |A〉 |B〉 |C〉 |D〉 = e−iθ Re Tr(ABCD) |A〉 |B〉 |C〉 |D〉

|A〉 |B〉 |C〉 |D〉

→ |A〉 |B〉 |C〉 |CD〉
→ · · · → |A〉 |B〉 |C〉 |ABCD〉

→ |A〉 |B〉 |C〉 e−iθ Re Tr(ABCD) |ABCD〉

→e−iθ Re Tr(ABCD)
∣∣∣A†〉 ∣∣∣B†〉 ∣∣∣C †〉 |ABCD〉

→ · · · →e−iθ Re Tr(ABCD) |A〉 |B〉 |C〉 |D〉
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Kinetic Term

H = 1
g2


HK︷ ︸︸ ︷∑

L
∇2

L +
∑
P

Re Tr P


Diagonal in “momentum basis”. Need to perform a Quantum
Fourier Transform. This is a Fourier transform of Ψ(x):

|Ψ〉 =
∑

x
Ψ(x) |x〉

For Z2: σx is diagonal in Fourier space, and H performs QFT.

For R:
F |x〉 =

∑
p

e−ixp |p〉

For SO(3): QFT decomposes into spherical harmonics

So: QFT, then phase gate (on a single link!), then QFT.

30 / 44



Kinetic Term

H = 1
g2


HK︷ ︸︸ ︷∑

L
∇2

L +
∑
P

Re Tr P


Diagonal in “momentum basis”. Need to perform a Quantum
Fourier Transform. This is a Fourier transform of Ψ(x):

|Ψ〉 =
∑

x
Ψ(x) |x〉

For Z2: σx is diagonal in Fourier space, and H performs QFT.

For R:
F |x〉 =

∑
p

e−ixp |p〉

For SO(3): QFT decomposes into spherical harmonics

So: QFT, then phase gate (on a single link!), then QFT.

30 / 44



Kinetic Term

H = 1
g2


HK︷ ︸︸ ︷∑

L
∇2

L +
∑
P

Re Tr P


Diagonal in “momentum basis”. Need to perform a Quantum
Fourier Transform. This is a Fourier transform of Ψ(x):

|Ψ〉 =
∑

x
Ψ(x) |x〉

For Z2: σx is diagonal in Fourier space, and H performs QFT.

For R:
F |x〉 =

∑
p

e−ixp |p〉

For SO(3): QFT decomposes into spherical harmonics

So: QFT, then phase gate (on a single link!), then QFT.
30 / 44



Bits and Pieces

Primitive gates used:

• Multiplication
• Inversion
• Trace gate (a diagonal rotation)
• Fourier transform
• Kinetic gate (a diagonal rotation)

Gate construction for S(1080) in progress!
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Multiplication for S(1080)/Z3

• •
S

S
S

S

•
S S

S S

• •
• •

|0〉 − • • • + − • • • − • • • + + |0〉
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Multiplication for S(1080)/Z3 (More Schematic)

R
R R

R R R
R R R R

− • +

− • − • + +

− • − • − • + + +

− • − • − • − • +

−
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So what do we need?

• Map from S(1080) Hilbert space to the quantum computer
• Time evolution: kinetic and potential pieces.
• State preparation
• A good observable to look at
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State preparation: A thousand flowers...

• Thermal bath
• Adiabatic state preparation
• Spectral comb (1709.08250)
• Hybrid state preparation (PhysRevLett 121 170501,

1908.07051)

Nobody knows how most of these things scale.

And we certainly can’t test them on large systems now

Formal guarantees available for adiabatic state preparation
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Adiabatic theorem

Take a time-varying (slowly) Hamiltonian H(t).

Prepare an eigenstate of H(0), with a gap of ∆.

When Ḣ/∆2 � 0, time-evolution will keep us in the eigenstate.

Time needed to prepare ground state: ∆−2
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Preparing the proton

Restrict to a certain sector of Hilbert space:

• Gauge-invariant states
• Zero total momentum
• Baryon number 1

• Free fermions and glue (massive)
• Ground state exactly prepared
• Small gap (O( 1

V ))

• Hadrons
• Large gap (mπ)

Total circuit size: O(V 3)
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Thirring PDF

H =
∫

dx ψ̄
(
/∂ + m

)
ψ + g2

(
ψ̄ψ
)2

Staggered discretization:

H =
∑

r

1
2(−1)r

(
χ†rχr+1 + χ†r+1χr

)
+m(−1)rχ†rχr−g2χ†rχrχ

†
r+1χr+1

Parton distribution function:

f (x) =
∫

dz eixP+z 〈P| eiHz ψ̄(z)e−iHzγ+ψ(0) |P〉
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Some (relatively minor) PDF complexities

f (x) =
∫

dz eixP+z 〈P| eiHz ψ̄(z)e−iHzγ+ψ(0) |P〉

Convergence of the Fourier transform∫
dz eikzC(z) ≡ lim

ε→0
lim

L→∞

∫ L

−L
dz eikze−εz2C(z)

Light cone: there really is none on the lattice.

None of which matters compared to...
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A long line...

〈
ψ̄(x)γ+W (x ; 0)ψ(0)

〉
proton
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The Hadronic Tensor

W µν(q) =
∫

dx eiqx
〈
eiHx0Jµ(~x)e−iHx0Jν(~0)

〉
proton

No Wilson line needed! Jµ is a physical current.

H = H0 + εx (t)Jµ(~x) + ε0(t)Jν(~0)

In principle, PDF can be extracted from HT.
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Cross Sections

Requires preparing asymptotic states!

Cross sections may be determined from the Hadronic tensor:

d2σ

dx dy = α2y
Q4 LµνW µν
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The Future

For QCD PDFs: ∼ 106 qubits needed (203 lattice)

Work out exact S(1080) circuits (reliable cost estimates)

Better truncation or improved Hamiltonian could give small gains

Understand 1 + 1 and 2 + 1 bound states?
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